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Abstract. We introduce an algorithm which represent any real number as an 
alternating series of rational numbers. That algorithm is a generalization of the 
alternating-Sylvester series and has the same properties as that. In the last sec- 
tion, we construct the real numbers by our alternating series representation. Our 
method is similar to that of Arnold Knopfmacher and John Knopfmacher [5]. 
However our proofs of the algebraic properties of the real numbers are achieved 
by a general lemma. 



1. Introduction 

There are some methods which represent any real number as a certain series of 
rational numbers. Moreover some methods which construct the real numbers by 
such a representation was considered. Arnold Knopfmacher and John Knopfmacher 
constructed the real numbers by the Sylvester series and the Engel series [J]. These 
series and algorithms follows : 

(i) Sylvester series. Let a el and A\ = a — a with < A\ < 1, a & 1>- We 
define, for nGN, 



1 

A n . 



and 



Then 



A 



n+l 



a = ao 



A n — 



+ 1 
1 



a,, 



oo 1 



n=l 



where a\ > 2 and a n+ \ > a n (a n — 1) + 1 for nGN. 

(ii) Engel series. Let a6R and A\ = a — a with < A 1 < 1, a G Z. We define, 
for nGN, 

1 



A n - 



+ 1 



and 



A n+ i — a n A n — 1. 
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V 

ai ■ ■ ■ 



n=l 



where «i > 2 and a n+ \ > a n for n G N. 



In addition Arnold Knopfmacher and John Knopfmacher defined the alternating- 
Sylvester series and the alternating-Engel series, and constructed the real numbers 
by these series [5]. These series and algorithms are as follows, which are gener- 
alizations of Oppenheim's expansion [6] and special cases of alternating Balkema- 
Oppenheim expansion [2]. 

(iii) alternating-Sylvester series. Let a G R, ao = [a] and A\ = a — ao- We 

define, for n G N and A n > 0, 



and 



Then 



a 



-An - 



A n -\-i — A r 



1 1 1 

a H 1 ••• 

ai a 2 a 3 



where a% > 1 and a n+ i > a n (a„ + 1) for n G N. 

(iv) alternating-Engel series. Let a G M, ao = [a] and Ai = a — ao- We define, 
for n G N and A n > 0, 

1 



A r> 



and 
Then 



a = ao + 



A n +i 
1 



1 dr, Ar, 



1 1 

+ 



where ax > 1 and a n+ i > a, + 1 for n G N. 

These algorithms in (i), (ii), (iii) and (iv) are founded on the relation 

(1.1) ^-<a<± (ae(0,l]) f 



where d = [a l ]. We define an algorithm of a series expansion for the real numbers 
by using the relation 



c c 

< a < - 

d + 1 ~ d 



la 



G(0, 1], CGN), 



where d = [col 1 ], which is a generalization of (11. ip . 
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Generalized alternating-Sylvester series. Let a 6 1, g = [a] and A\ = a — go- 
Let {c n }^ =1 be a sequence of positive integers. We define, for n G N, 

''" 1 (for A n ? 0), 



and 

Then 
(1.2) 



lA r 



(A n = 0) 



A n +1 — Qn ~ A n . 



a = q + J2(- 1 ) n V 

n=l 



This is a generalization of the alternating- Sylvester series. (The alternating- 
Sylvester series is the case c n = 1 for all n.) 

In section 2, we prove that this series has some good properties which are similar 
to those of the alternating-Sylvester series. In section 3, we prove that a set 

(1.3) S({c n }) = {{q n }™ =0 | {q n } appears in flO}} 

can become the set of the real numbers for each fixed {c ri }^L 1 satisfying the condition 
c n | c n+ i for any n G N. Our method of the construction is founded on that of 
Knopfmacher [5]. Hence our method has the same advantages as Knopfmacher's. 
In other words, our method is concrete and does not use equivalence classes. In 
addition there are two improvements on Knopfmacher's work. The first is that our 
result implies that we can construct the real numbers by infinitely many ways. The 
second is that our proofs of algebraic properties of the real numbers are achieved by 
a general lemma. Moreover it seems that this lemma can be used in Knopfmacher's 
work [3], @], 0. 

Remark 1.1. It seems that we can define generalized alternating- Engel series as 
follows : 

Let a G R, A\ = a — with < A\ < 1, do G Z. Let {c n } be a sequence of 
positive integers. We define, for n G N and A n ^ 0, 

r c„ 

an = U. 



and 
Then 



C n d n A n . 



a = ao H 



c 2 



+ 



c 3 



di a\d2 a\a2d'i 



However a n+1 > a n does not hold in this series. For example, if we set A x = a = 
5/7, Ci = 2 and c 2 = 1 then a\ = 2, A 2 = 4/7 and a 2 = 1. This is a trouble. In 
order to simplify the argument, we do not argue about this series. 



4 soichi ikeda 

2. Fundamental properties of the generalized alternating 

Sylvester series 

In this section, we take an arbitrary sequence of positive integers {c n }™ =1 and fix. 

Proposition 2.1. The generalized alternating-Sylvester series has the following 
properties for n G N. 



(1) If A„, ^ then 

(2) IfA n+1 ^0 then 



< An < ^. 
a n + I a n 



a n+ i + I > ^iia n (a n + I). 



(3) A n > A n+1 . IfA n ^0 then A n > A n+l . 

(4) q n <l. 

(5) If A n+1 ^ £/ien a n+ i > a n . 

(6) //A, ^0 tfierc A n+1 < 

(7) g„ > q n+1 . Ifq n +i ^ then q n > q n+1 . 

Proof. (1) is trivial from the definition. 
(2) : From (1) and the definition, 

Cn+l 



a n+1 + 1 > 



> 



A n +i 

C n +1 
Cn+1 

In an + 1 

c n+l 



a n (a n + I). 



(3) : The case A n = is trivial. For A n ^ 0, 

Ai+1 < — S — " < Ai- 

a n a n + l a n + l 

(4) : From (3), A n < I for any n. Hence 

c r 



A„ . 



> c n 



holds. This implies (4). 

(5) is trivial from (2) and (4). 

(6) : From (4), 



A n+1 < — - = —r — r < 



a n a n + 1 + 1) a n + 1 

(7) : The case q n+1 = is trivial. For q n+1 ^ 0, 

C n+1 ^ c n+l ^ 1 ^ 

q n +i < —/ — — T\ — T T 7 < — <Qn 

c n+lQn \ a n + 1) — i C n+ ia n + C n+ \ — 1 a n 
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from (2) and (4). 
Remark 2.1. Since 

^(-l) fc ~V = Ai+ (-1)"-^+!, 
fc=l 

the series in (11.21) converges from Proposition 12.11 Hence 

oo oo 

(2.i) (-lr 1 x>i) fc -v = (-ir 1 ^(-i)*- 1 ^ + ^) = A * 

k=n k=n 

holds for any n G N. 

We can easily see that the following lemma holds. 

Lemma 2.1. Let c,dEN and a E (0, 1]. Then 

(1) There does not exist d' £ Z swc/i i/jcrf 

c c c 
< -r < 



d + 1 d' d 
(2) d = [ca _1 ] is equivalent to 



c c 
< a < 



d+l ~ d 

Lemma 2.2. Let a, a' £ (0, 1], c € N, d = [c/a] and d' = [c/a'\ . If c/d ^ c/d' th- 
ey. < a' is equivalent to c/d < c/d' . 

Proof. First, we assume a < a'. Since c/(d+l) < a < c/d and c/(d'+l) < a' < cj 
hold from Lemma [2.11 (2), it is sufficient that we consider the following cases. 

(1) a < a' < c/d. 

(2) c/{d' + 1) < a < c/d < a'. 

(3) a < c/(d'+l). 

If (1) holds then we have 

c , c 

< a < a < 



d + l ~ d 

This implies that c/d = c/d' from Lemma [2.11 (2), which is impossible. 
If (2) holds then we have 

c c , c 

JTi < d <a - a' 



which is impossible from Lemma [2. II (1) 
If (3) holds then we have 



c c , c 

a < - < — — - < a < — 
d d' + l d! 



from Lemma 12.11 

Next, we assume c/d < c/d' . If c/[d! + 1) < c/d then we have 

JTi <a -~d 
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from Lemma [2.11 This implies that c/d' < c/d, which is impossible. Therefore we 
have 



a < - < < a 

~ d~ d' + l 



□ 



Proposition 2.2. Let a, a' G M with a 7^ a'. We define a n ' , A n ' and q' n as a n , 

A n and q n which are obtained by applying the algorithm of generalized alternating 
Sylvester series to a'. If we set 

i = min{j GNU{0} qj ^ q'j} 

then a < a' is equivalent to 

go <q' (* = 0), 

Qi<Qi (2 10, 
qi > q[ (2 I i and i > 2). 

Proof. First, we consider the case i — 0. If a < a' then g = [a] < [a 1 ] = q' Q . 
Therefore we have q < q' . If q < q' Q then [a] < [a']. Therefore we have a < a'. 
Next, we assume i 7^ 0. Then we can write 

i-l i-1 

(2.2) a = g + J^" 1 )^ + «' = % + E^ 1 )^ + C" 1 )*" 1 ^ 

k=l k=l 

from Remark 12.11 These relations imply that a < a' is equivalent to 

'A,<A\ (2 10, 
-Aj < -A- (2 I i and i > 2). 



From Proposition 12.11 (1) and Lemma [2.21 this is equivalent to 

\i<q'i (2 10, 
gi > q'i (2 I z and i > 2). 

This implies the proposition. □ 

In order to consider the case a G Q, we prove the next lemma. 

Lemma 2.3. Let c G N and p/g G Q D (0, 1] with p, q G N. // we sei d = [cq/p] then 
the numerator of c/d — p/q is less than p. In other words, cq — dp < p. 



■cq (cq\\ p-1 
cq — dp = cq — I < — > )p < p = p — 1, 



Proof. 

cq — dp = cq — { 

p I p ) J' p 

where {x} = x — [x\. □ 

Proposition 2.3. A necessary and sufficient condition for a G Q is that there exists 
an m G N such that q m = 0. 
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Proof. The sufficiency is trivial. In order to prove the necessity, we set a — p/q, 
where p, q G Z and q ^ 0. Without loss of generality, we may assume that q = 0, 
Ai = p/q and p, q > 0. From the definition of a n , A n and Lemma |2"UI the numerator 
of A n is strictly monotonically decreasing. This implies the proposition. □ 

Propositions I2.1[ 12.21 and 12.31 imply that the generalized alternating-Sylvester se- 
ries is similar to alternating-Sylvester series. 

3. CONSTRUCTION OF THE REAL NUMBERS 

In this section, we take an arbitrary sequence of positive integers {c n }^ =1 satisfying 
the condition c„ \ c„ + i for any neN and fix it. Moreover we identify {q n }^ =Q G 
S ({ c n}) with (q ,qx,q 2 , ■■■)■ 

Remark 3.1. On the condition c n \ c n +i for any n G N, the inequality in Proposition 
12.11 (2) becomes 

cJn+i > a n (a n + 1). 

If the equality holds in the above and q n+2 = then 

A - - Cn 

sin — q-n ~ Qn+1 — ; 7- 

a n + l 

This contradicts the definition of q n , hence q n+ 2 ^ or 

C n +l , , -t\ 

a n+i > Oj n ^a n ■+■ 1) 

hold. 

In section 1, we assumed the existence of the real numbers, and defined S({c n }) 
in fll.3p . In order to use S({c n }) for the construction of the real numbers, here we 
remove that assumption. 

Definition 3.1. We define T({c„}) as a set satisfying the following conditions. 

(1) {flnjn^i 2S a sequence of positive integers such that 

fln+i > a n (a n + I). 

Cn 

(2) q n = 0orq n = c n /a n for neN. 

(3) g G Z. 

(4) q n < 1 for any neN. 

(5) Ifqi = l then q 2 + 0. 

(6) If q m = for m G N then q n = for any n > m. 

(7) // q n+1 ^ then q n+2 ^ or 

c n+l / i -\\ 

Q>n+i > Oj n \a n + i). 

Cn 

(8) {?n}^o T({c n }) if and only if {q n } satisfies the above conditions. 



We can easily see that the following lemma holds. 



8 
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Lemma 3.1. Let {q n } G T({c n }) and n G N. 

(1) a n+ \ > a n . 

(2) q n+ l < ^r v 

(3) q n +\ < q n - Especially, If q n+1 ^ then q n+1 < q n . 

(4) The series 

oo 

fc=l 

converges. 
Proposition 3.1. S({c n }) = T{{c n }). 

Proof. S({c n }) C T({c n }) is trivial from Proposition 12 . 1 1 and Remark 13.11 In order 
to prove S({c n }) D T({c n }), we take {q' n } G T({c n }), and assume that q' G Z and 
= or = c n /a^ for n G N. Since we can set 



a 



fe=l 



by Lemma [3.11 (4), we can obtain 



« = go + $^(-i) fc ~V 
fc=i 

by the algorithm of the generalized alternating-Sylvester series. It is sufficient to 
prove that q n = q' n for any n G N U {0}. Since the case q[ = is trivial, we may 
assume q[ ^ 0. q = q' Q and a — q = Ai < q[ = Ci/a[ are trivial. If q[ = A 1 then 
q\ = q[ from Lemma 12.11 (2). Otherwise A\ > q[ — q' 2 > Ci/(a[ + 1) holds from 
Definition 13.11 (1) and (2). However, A\ = q[ — q' 2 = Ci/(a[ + 1) is impossible from 
Definition 13.11 (7). Thus we obtain ci/(a[ + 1) < A\ < ci/a[. This implies q\ = q[ 
from Lemma [2. II (2). 

Next suppose that q n -\ = q' n _ 1 holds for n > 1. Then 

n— 1 oo 
(-l)- 1 ^™ = a-q - ^(-1)^ = E(" 1 ) fe " 1 ^ 

fc=l k=n 

holds from Remark [2~T| hence we obtain A k < q' n = c n /a' n . If q' n = A n then q' n = q n . 
Otherwise we can obtain A n > c n /(a' n + 1) from Definition 13.11 (1), (2) and (7), 
which is the same argument as in the case n — 1. Since this implies q n = q' n , we 
obtain the assertion of the proposition inductively. □ 

In the rest of this section, we set 5* = S({c n }) for simplicity, and introduce the 
structure as the set of the real numbers for S. 

Definition 3.2. Let {p n }, {q n } G 5* with {p n } ^ {q n } and 

i = min{j G N U {0} | pj ^ qj}. 
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We define a binary relation < on S as follows : 

{Po <qo (i = o), 
Pi<qi (2fz), 
Pi > qi (2 | % and i > 2). 

Proposition 3.2. For any {p n }, {q n }, {r n } G S , the relation < has the following 
properties. 

(1) {pn} < {Pn} does not hold, (irreflexive law) 

(2) {p n } < {q n } or {p n } = {q n } or {q n } < {p n }. (trichotomy) 

(3) If {p n } < {q n } and {q n } < {r n } then {p n } < {r n }. (transitive law) 
In other words, < is a linear order in the strict sense on S . 

Proof. (1) and (2) are trivial. In order to prove (3), we define 

%x = min{j GNU{0} pj ^ qj}, i 2 = min{j GNU{0} qj ^ rj} 
and i = mm{i 1 ,i 2 }. Then 

Pk = qk= r k (for any k <E {0, 1, . . . , i - 1}) 

and 

Pi ^ qi or q { ^ r { 

hold. If i is odd then 

Pi < qi and % < r { (i = i x = i 2 ), 
Pi = q { and q { <r { (i = i 2 ^ i x ), 
Pi < q { and q { = n (i = i\ ^ i 2 ). 
Therefore we have Pi < r^. Other cases can be proved by the same argument. □ 

If we define 

Qs — {{qn} £ S | there exists anmeN such that q m = 0}, 
we can identify Qs with Q from Proposition 12.21 and 12.31 In short, 

Q3 (qo + £(-1)"- V) h> {q n } e Q s 

\ n=l ' 

is an order-isomorphism. Hence we consider Q C S. 

Theorem 3.1. Let M be a non-empty subset of S . If M is bounded from above 
(below) then there exists a supremum (an infimum). 

Proof. Since M is bounded from above, there exists a d such that 

d = max{g G Z | (q , q u . . . ) G M}. 

If there does not exist an upper bound for M such that (do,qx,...) G S then 
(do + 1, 0, ... ) is a supremum for M. Otherwise, since there exists a (q , qi, . . . ) G M 
such that q — d , we can define 

d x = m&x{ qi G Q | (d , gi, • • • ) G M} 
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from the definition of S and <. By the same argument, we can define 

d 2 = mm{q 2 G Q | (do, d u q 2 , ■ ■ ■ ) G M}. 
In general, if we have defined dk-i for k > 1 then we define 

_ j max{g fc G Q | (d , di, . . . , d k _ 1} q k , . . . ) G M} (A; — 1 is even), 
|min{g fc 6 Q | (d ,d 1 ,...,d fc _i,g fc , ...) 6 M} (A; -lis odd). 

From the definition of < and {d n }, obviously {d n } is the supremum for M. 

The case of the infimum can be proved by the same argument. □ 

In order to introduce the algebraic structure for S, we require some preparations. 

Definition 3.3. Let {a n }^i be a sequence of rational numbers. Then L(a n ) means 
"For any m G N, there exists an N G N such that \a n \ < 1/m holds for any n > N". 

In the usual sense, L(a n ) means lim a n = 0. 

The following definition and lemma are the same as in [3]. 

Definition 3.4. Let X G S with X = (xq, x\, . . .). Then we define X 2n , X 2n _i G S 
as follows : 

X 2n = (x , X\, • • • , %2m 
X 2n -\ = [Xo, xx, . . . , x 2n -\, 0, . . . ), 

where iigN. 

We can easily see that the next lemma holds. 

Lemma 3.2. Let X G S with X = (xq, X\, . . .). Then the following properties hold. 

(1) X 2n < X 2n+2 < X < X 2n+ i < X 2n -i. 

(2) L\X 2n -i — X 2n ). 

(3) supX 2n = inf X 2n _i = X. 

In order to prove the main lemma, we also require the next lemma. 

Lemma 3.3. Let {a n } be a monotonically increasing sequence of rational numbers 
which is bounded from above. If we set X = supa n then L{X 2n -\ — a n ). 

Proof. By way of contradiction, assume that there exists an m such that 

VW G N, 3n G N[n > N and |X 2n _i - a n \ = X 2n _i - a n > 1/m] 

holds. Since X 2n _i—a n > X 2n+1 — a n+1 holds from the assumption, X 2n _i~ a n > 1/m 
holds for any n G N. On the other hand, from Lemma I3.2[ there exists an iV G N 
such that 

^2n-l - X 2n < l/2m 
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holds for any n > N. Hence we obtain 

a n < X2n-1 

m 

< X 2 n-i 

m 

< X 2N — ~ — 

2m 

for n > N. This implies that X 2N — l/2m is an upper bound for {a n }. Therefore 
we obtain ^ 

sup a n < X 2N - — < X 2N < sup X 2n = X. 
2m 

This contradicts the definition of X. □ 

Next is the main lemma, which is important in the proofs of the algebraic prop- 
erties of S. Moreover it seems that this lemma can be used in Knopfmacher's works 

®, m, 0. 

Lemma 3.4. Let {a n }, {b n } be monotonically increasing sequence of rational num- 
bers which are bounded from above. Then sup a n = sup b n is equivalent to L(a n — b n ). 

Proof. First we suppose supa n = sup6 n . We set X = supa n = sup6 n . Since 

\a>n ~ b n \ < \a n — -X2n-.il + |^2n-i — b n \, 

we obtain L{a n — b n ) by Lemma 1X51 

Next we suppose L(a n —b n ). By way of contradiction, assume that sup a n 7^ sup b n . 
Without loss of generality, we may assume supa n < sup6 n . If we set X = supa„, 
there exists an N eN such that X 2n _i < b n holds for any n > N. Since b n —X 2n _i < 
b n+ i - X 2n+1 for n> N, 

\b n — a n\ = {b n — X 2n _i) + (X 2n _i — a n ) >b N — X 2N _i > 
for n > N. This contradicts L(a n — b n ). □ 

Now we define the operators on S, and prove that S is an ordered field. (These 
definitions are the same as in [5].) 

Definition 3.5. Let X,Y <E S. We define the following symbols and operators. 

(1) = (0,0,...)(=0GQ). 

(2) x + y = su P (x 2n + y 2 „). 

(3) -X = sup(-X 2n _ 1 ). 

Definition 3.6. Let X,Y G S . We define the following symbols and operators. 
(1) l = (l,0,...)(=leQ). 
(2) 

'sup(X 2n -r 2 „) (X,Y >0), 
x Y= \(-X)'(-Y) (X,Y<0), 

-((-x)-y) (x<o,f>o), 
-(x-(-y)) (x>o,f<o). 
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(3) 




sup((X 2n _ 1 )- 1 ) (X > 0), 
-((-X)- 1 ) (X<0). 



Since X 2n + Y 2n <X 1 +Y h -X 2n _! < -X 2 , X 2n • Y 2n <X 1 -Y 1 (X, Y > 0) and 
(X 2n _!) _1 < X 2 _1 (X > 0), these definitions are possible. 

Now we prove that + and • have the properties of the usual addition and multi- 
plication. 

Proposition 3.3. For any X,Y, Z e S , + has the following properties. 

(1) X + Y = Y + X. 

(2) X + = X. 

(3) (X + Y) + Z = X + {Y + Z). 

(4) X + (-X) = 0. 

(5) IfX<Y then X + Z <Y + Z. 

Proof. (1) and (2) are trivial. 

(3) : We set A = X + Y, which means L(A 2n — (X 2n + Y 2n )) from Lemma [3.41 
Since 

\{A 2n + z 2n ) — (x 2n + Y 2n + z 2n ) \ = \A 2n — (x 2n + y 2n )|, 

we obtain L((A 2n + Z 2n ) — (X 2 „ + Y 2n + Z 2n )). From Lemma 13.41 this implies 
sup(v4 2 „ + Z 2n ) = sup(X 2n + Y 2n + Z 2n ), hence we obtain (X + Y) + Z = sup(X 2n + 
Y 2n + Z 2n ). We can also prove that X + (Y + Z) = sup(X 2n + Y 2n + Z 2n ) by the 
same argument. 

(4) : We set A = —X, which means L(A 2n + X 2n _i) from Lemma [3.41 Since 

\X2r1 + ^2n| — \X 2n — X 2n _i| + |X 2n _! + A 2n \, 

we obtain L((X 2n + A 2n ) —0) from Lemma [3721 This implies sup(X 2n + A 2n ) = supO 
from Lemma [3 .4[ hence we obtain (4). 

(5) : Since X 2n + Z 2n < Y 2n + Z 2n holds for sufficiently large n, we obtain X + Z < 
Y + Z. \i X + Z = Y + Z then L((X 2n + Z 2n ) - (Y 2n + Z 2n )) from Lemma [33 In 
short L(X 2n — Y 2n ), however this is impossible from Lemma [3.41 □ 

From Proposition 13.31 (1), (2), (3) and (4), S is an abelian group about +, hence 
we can use —(—X) = X, —(X + Y) = (—X) + (-Y), etc. Moreover we obtain 
< X <=> + (-X) < X + (-X) <=> -X < and X < <=> < -X from 
Proposition 13.31 (5). 

Proposition 3.4. For any X,Y, Z 6 S , ■ has the following properties. 

(1) X-Y = Y -X. 

(2) X - 1 = X. 

(3) X.Y = -{{-X).Y) = -{X.{-Y)). 

(4) X-X- 1 = 1 (X ^ 0). 

(5) (X -Y) ■ Z = X ■ (Y ■ Z). 

(6) IfX <Y andZ>0 then XZ < YZ. 
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Proof. (1) and (2) are trivial. 

(3) : From the definition of •, we can obtain (3) by some easy calculations. 

(4) : For X > 0, we set A = X -1 , which means L(A 2n — (X^-i) -1 ) from Lemma 
E3J Since 

\X2nA2n — X 2 „(X 2n _i) 1 \ < |Xi| • \ A2r1 — (X 2n -l) \i 

we obtain L(X 2n v4 2n - X 2n (X 2n -i)~ 1 ). This implies X ■ X~ l = sup(X 2n (X 2n _i) _1 ) 
from Lemma 13.41 On the other hand, since 

|X 2n (X 2n _!) 1 — 1| = |(X 2n _i) *| • \X 2n — X2n-\\ < \X 2 \ ■ \X 2n — X 2n -l\, 

we obtain L(X 2n (X 2n _i) _1 — 1). This implies (4). From this case, we can prove the 
case X < by easy calculations. 

(5) : For X, Y, Z > 0, we can prove (5) by the same argument as Proposition 13.31 
(3). By using (3), we can prove other cases from this case. For example, the case 
X, Z > and Y < can be proved as follows : 

(X.Y).Z = (-(X-(-Y)))-Z 

= -((X ■ (-Y)) ■ Z) 

= -(x ■ ((-y) ■ z)) (-y>o) 

= X-(-((-Y).Z)) 
= X ■ (Y-Z). 

(6) : For X, Y > 0, we can prove (6) by the same argument as Proposition 13.31 
(5). From this case, we can also prove other cases easily. □ 

Proposition 3.5. For any X, Y, Z G S, X ■ (Y + Z) = X ■ Y + X ■ Z. 

Proof. First, we assume X,Y,Z > 0. Let A = Y + Z, B = X ■ Y and C = X ■ Z. 
Then L(A 2n - (Y 2 „ + Z 2 „)), L(-B 2n -X 2n Y2n) and L(C 2n -X 2n Z 2 „) hold from Lemma 
13.41 Since 

|X 2n v4 2 „ — (S 2n + C 2n )| 

= |X 2n (v4 2n — (Y" 2 „ + Z2n)) + (X 2n Y 2n — £?2n) + (X 2n Z 2n — C 2n )| 
— 1-^1 1 ' l^2n — (Y 2n + ^ 2n )| + |X 2n l2„ — B 2n \ + |X 2 „Z 2n — C 2n |, 

we obtain L(X 2n A 2n - (B 2n + C 2n ))- This implies sup(X 2n A 2n ) = sup(S 2n + C 2n ) 
from Lemma 13.41 This implies X • (Y + Z) = X ■ Y + X • Z. 

Next we consider the case X>0, Y + Z > and Z < 0. Since — Z > 0, we 
obtain 

X • (Y + Z) + X • (-Z) = X • (Y + Z + (-Z)) = X ■ Y. 

This is equivalent to X ■ (Y + Z) = X ■ Y + X ■ Z from Proposition 13.41 (3). 

We can easily prove other cases from these cases. □ 

From Propositions 13. 2\ 13.31 13.41 and 13.51 S is an ordered field. Since any ordered 
field which satisfies Theorem 13.11 is isomorphic to R [1] , we obtain the following 
theorem. 

Theorem 3.2. S is isomorphic to R. 
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